In the theory of approximation by bounded analytic functions of a complex variable, Problem a is the study of the relation between degree of approximation on a point set E to continuity properties on E of the function approximated;
Problem P is the study of the relation between degree of approximation on E to continuity properties on a different point set E' of the function f(z) approximated;
an example of Problem P is the study of degree of approximation on the unit disc E: \z\ ^1 as related to continuity properties of f(z) on the circumference E': \z\ =R (>1), where/(z) is analytic throughout \z\ <R. The present writer has recently published [l] a general result (Theorem 5 below) on Problem P, and now wishes to indicate a stronger result (Theorem 6 below). The older result deals with Lipschitz conditions in the hypothesis, while the new one deals with integrated Lipschitz conditions; the latter were introduced into the theory of degree of trigonometric approximation in theorems stated without proof by Hardy and Littlewood [2] and, with additions, proved in detail by Quade [3] . The present note is made possible by an investigation on integrated Lipschitz conditions for the complex variable made by Walsh and Russell [4] . The note is divided into two parts, devoted respectively to the study of classes of functions involving integrated Lipschitz conditions and to applications to approximation by bounded analytic functions.
Part I. Classes H(k, a, p) and H'(k, a, p). If y is the unit circumference \z\ =1, if the function f(z) is analytic in the unit disc \z\ <1, and if the means U2ir \ 1/p |/(re")|'<*»j , l^p, are bounded for r < 1, the function is said to be of class Hp on y. It is customary to use the terminology on y even though the properties of f(z) required refer to the neighborhood of y. A function f(z) analytic in the interior or exterior (including the point at infinity) of an analytic Jordan curve J is said to be of class Hp on J if the transform of f(z) is of class Hp on y when the interior or exterior of J is mapped one-to-one and conformally onto the interior of y. This property is invariant under conformal mapping of the interior or exterior of J onto the interior or exterior of an analytic Jordan If k is a non-negative integer, the function f(z) is said to be of class H(k, a, p),0 <a< 1, p^ 1, on the unit circle y if it is of class Hv there, and if the Jfeth derivative f(k)(z) = F(s) of the boundary values on y exists and satisfies (2) f | F(s + h) -F(s) \"ds g A\h \«p, J y s being arc length on y; here and below A with or without subscript indicates a constant independent of h, n, z, w, whose meaning may change from one formula to another. A function f(z) is of class H(k, a, p) on y where k is a negative integer, 0<a<l, if/(re**) is analytic for r<l with
A necessary and sufficient condition that a function f(z) analytic for r < 1 belong to 77(0, a, p) on y,0<a<l,
where F(z) is any integral of f(z). A function f(z) is said to be of class H(k, a, p) on an analytic Jordan curve /, if the transform of f(z) under conformal map of the interior (or exterior) of J onto |z| <1 is of class H(k, a, p) on y. Thus for each a (0<a<l) and P (^1) we have on y and on J a sequence of classes • • • , H( -2, a, p), H(-l, a, p), H(0, a, p), H(l, a, p), H(2, a, p), ■ ■ ■ ; the derivative of a function of a class belongs to the next lower class and the indefinite integral belongs to the next higher class. These classes are invariant under conformal mapping of the interior (or exterior) of / onto the interior or exterior of any analytic Jordan curve [4; 5; 6] . There is usually no ambiguity in practice as to whether the interior or exterior is involved, for f(z) is ordinarily known to be analytic on but one side of J. A function/(z) is said to be of class H(k, a, p) on a finite number of mutually exterior analytic Jordan curves if it is of that class on each curve. The class is additive with respect to its members.
If J is an analytic Jordan curve, the function f(z) is said to be of class H'(k, a, p) on J if f(z) is the sum of a function of class H(k, a, p) on J and a function analytic in a (two-sided) closed neighborhood of J. It then follows by Cauchy's integral formula for an annular region containing 7" that f(z) is the sum of a function of class H(k, a, p) on J and a function analytic throughout the closed exterior (interior) of J. The class H'(k, a, p) on J is clearly invariant under conformal mapping of the interior (exterior) of J onto the unit disc; indeed, condition (2) The limiting case (p->°°) of the class H'(k, a, p), k^O, 0<a<l, is the class H'(k, a, ») of functions/(z) each analytic in a one-sided neighborhood of the analytic Jordan curve /, continuous on J, whose &th derivative F(s) satisfies there a Lipschitz condition | F(s-\-h) -F(s) \ ^A \ h\ " with respect to arc length 5 on J instead of (2) . This is primarily a local condition, and these classes are more easily managed than the classes H'(k, a, p). The class H'(k, a, oo) on 7: \z\ =1 for k<0 requires analyticity in an annulus (0<)p <\z\ <1, together with the inequality |/(rei9)| ^-4i(l -r)k+a, r<l. The class H'(k, a, 00) for k<0 on an analytic Jordan curve J is defined as the set of transforms of the functions of H'(k, a, «>) on y when the interior (exterior) of J is mapped onto the interior of 7. As with p < =0, there is for each a, For later use we need to consider some detailed properties of the classes already defined. The class H(k, a, p), k^O, is completely characterized by degree of approximation [4] : Theorem 1. If J is an analytic Jordan curve and the function f(z) is defined almost everywhere on J, a necessary and sufficient condition that f(z) be the set of boundary values of a function of class H(k, a, p), k^Q, 0<a<l, p^i, on J is that there exist polynomials pn(z) of respective degrees n in z such that we have
The polynomials pn(z) converge uniformly on any closed set interior to J, to this function of class H(k, a, p) on J.
We shall not prove Theorem 1 in detail here, but mention that thanks to a detailed study of invariance of degree of polynomial approximation under conformal map [4; 5; 6] , it is sufficient to prove Theorem 1 when / is 7: \z\ = 1. The first part then follows [4] from the Hardy-Littlewood-Quade theory of trigonometric approximation.
As for the second part, by Cauchy's integral formula the sequence pn(z) converges in \z\ < 1 to some function/i(z) analytic in \z\ <1. A suitably chosen subsequence [4] of the pn(z) converges in the mean on all circles \z\ =r, r^l, uniformly with respect to r, to the function fi(z) which is therefore of class Hp. Thus the limit as r->1 of the limit in the mean fi(z) of that subsequence on |z| =r is the limit in the mean /i(z) of that subsequence on y, namely /(z) a.e. on y. That /(z) satisfies (2) follows from the trigonometric theory. With k>0 it follows also by study [4] of the subsequence that/w(z)
is of class TTj, on y(2). It is now our purpose to extend Theorem 1 to the class H'(k, a, p), and thereby to establish useful properties of that class which are invariant under conformal transformation; similar but less refined properties have already been established [4, for the class H(k, a, p). Theorem 2. Let S be an annular region bounded by analytic Jordan curves C\ and C2, with C2 interior to Ci and 0 interior to C2. Let polynomials pn(z, 1/z) in z and 1/z exist such that we have for a function f(z) analytic on S + C2 with boundary values a.e. on C\ (k^O)
Conversely, if f(z) denotes the set of boundary values almost everywhere on C\ of the function f(z) analytic on S-\-C2 and of class II'(k, a, p) on C\, then there exist polynomials pn(z, 1/z) of degree n in z and 1/z such that (4) is satisfied Let the pn(z, 1/z) be given. We split pn(z, 1/z) into polynomials P"(z) and Qn(l/z) in z and 1/z each of degree n, with Qn(l/z) =0for z= <x>: pn(z, 1/z) =Pn(z) + Qn(l/z). There is valid the formula -; I -s= Q"(l/z), z exterior to C2. 
2) It is required in [4] in order that/(z) belong to the class H(k, a, p) on 7 that (among other properties) /(t)(z) shall be of class Hp. In the present note we have required merely that /(z) shall be of class Hp, from which the first part of Theorem 1 can be established [4, Theorem D] , and the second part of Theorem 1 shows as just outlined that/(*' (2) is of class HT on 7.
J. L. Use of Cauchy's integral formula over C\ now yields
From the analyticity oi f2(z) on and exterior to G, since after a transformation z' = l/z the transform of/2(z) is of class H(k, a, p) on the image of C2, it follows that there exist polynomials Qn(l/z) in 1/z of respective degrees n satisfying f I/2OO -Qn(i/z) \p\dz\ ^ A2/n<k+^, |/2(z) -Qn(l/z) I ^ ^3/w*+", z on C.
We may now obtain inequalities (4) with £"(z, 1/z) =Pn(z) +Qn(l/z). Theorem 2 is established.
Closely related to Theorem 2 is Theorem 3. Let Si be an annular region containing in its interior the annular region S bounded by analytic Jordan curves C\ and C2, with C2 interior to C\. Let f(z) be analytic on S-\-C2 with boundary values a.e. on Ci, and let the functions fn(z) be analytic in Si and satisfy (k^O) (6) /J/«-/.<«) M&I *-£z> J-1,2,
Let l\ and T2 interior to Li be analytic Jordan curves in Si bounding an annular region S2 containing S, and let IY and T2' interior to T{ be analytic Jordan curves in 52 bounding an annular region containing S. The functions f"i(z) and/"2(z) defined by the equations 1 r fn(t)dt fnl(z) = -: I -> z interior to Ti, 2iri J n t -z 1 r fn(t)dt fn2(z) =-; I -j z exterior to T2, 2iri J r2 t -z are analytic respectively throughout the interior of Ti and exterior of T2; in S2 we have/"(z)=/ni(z)-f-/n2(z).
From (7) If the integer X is chosen so that px>7?, we have consequently Pi(z, 1/z) = 0, 1 ^ / < X, the Pi(z, 1/z) are defined and of degree/ for every/ (>0), and we have the equivalent of (4). Theorem 3 follows from the first part of Theorem 2(3). It is of considerable interest that the first part of Theorem 2 also follows from Theorem 3. In fact, from (4) we obtain ( 3) It may be noticed that Theorems 2 and 3 admit an extension, in which the second members of (4) It is part of the significance of Theorem 4 that if f(z) is of class H'(k, a, p) on an analytic Jordan curve G, and if 5 is an annular region bounded by G and an analytic Jordan curve G interior to G such that f(z) is analytic on 5+Gi then on the level loci of the function U(z) harmonic in S, continuous in the closed region and equal to unity and zero on G and G, the norm (i.e., the pth power mean) of/(z) is uniformly bounded. Indeed, it follows from the theorem [9] on conformal mapping used below, here with \i = v = \ (and indeed is well known) that 5 can be mapped onto an annular region S': 0<pi <\w\ <1; the level loci in S' are the circles \w\ = const, and the classical properties of the class Hp lead to the result. It is a matter of indifference whether the norm is measured by integration before or after this mapping of S onto S'. where 2ttt is the total variation along T" of the function conjugate to U(z).
The main result of the present note is to weaken the hypothesis of Theorem 5 without changing the conclusion: Theorem 6. Theorem 5 remains valid if in the hypothesis on f(z) the class H'(k, a, 00) is replaced by H'(k, a, p), p*zl.
The region D can be mapped [9] onto a region D': e*<|M(z)| <edl, [August
where the fly and bj are finite and are separated from D' by the images of the Bj and Cj respectively. It is no loss of generality to prove Theorem 6, as we shall do, for the case that D is replaced by D'. We suppose D ( = D') to lie interior to G, and we use a series of interpolation designed [7] specifically to apply to this specialized region D, namely for a function /i(z) analytic in each point fl,-the series
where each a,-is some a,-and each Pj is some o,-, and we have by Theorem 4. It is to be noted that the set D" need not be connected, so a particular 7y may separate points of D"; the same notation of <£yi(z) then refers for some z in D" to a Cauchy integral at points interior to 7y and for other z in Dp to a Cauchy integral at points exterior to 7y. Also Do need not be connected. The poles Pj of un(z) lie among the bj, so lie exterior to Do . Suppose now k^O in Theorem 6. If s"(z) denotes the sum of the first rc + 1 terms of the series in (14), we have for z in D0' the interpolation formula
w"(z) = (z -a"+i)M"(z);
here sn(z) is the unique rational function of degree n whose poles lie in the set (81,82, • • ■ ,/3")and which interpolates to <f>i(z) in the points (ai, a2, • • • ,an+i). A particular case of (17) occurs if <p\(z) is replaced by an arbitrary rational function 7?"(z) of degree n all of whose poles lie in the set (Bu 82, ■ ■ ■ , Bn):
We shall use a combination of (17) and (18): ,.", .,. ,,
Each region Ey disjoint from Dp whose boundary Tp consists wholly of one or more components of r" contains one or more points bit of which we choose a particular one, say &,; the Ej and hence the bj may be fewer than v in number. The open set Do is bounded by r", namely 2~li ^J, and <p\(z) can be expressed for z in Do (20) . <px(z) m £ Uz), J Tr Equation (17) for zonB with y chosen as Tr, r = rn=p(l -1/w), yields again (24) and (11) . Inequality (12) can also be obtained easily [l] by the special properties of the series (14), so Theorem 6 is established.
The converse of Theorem 5 is false, but if the functions/n(z) and/(z) are given continuous on B and fn(z) analytic in D satisfying (11) and (12), it can be shown [l] that/(z) satisfying (11) exists analytic in D", continuous on B, and of class H'(k -l, a, oo) on Tp. This discrepancy of unity in the classes involved is inherent in the nature of the problem, as examples show. Nevertheless the weaker hypothesis of the classes IT(k, a, p) in Theorem 6 represent a decrease in that discrepancy, and this is the primary interest here of Theorem 6.
(4) We note in passing the following theorem, whose proof has essentially been given above; an analogue for functions of class H'(k, a, oo) can replace [12] In Theorem 6 we have omitted the classes H(k, 1, p), but substitute classes involving suitable integrated continuity conditions can be used without difficulty; these classes were introduced into the theory of trigononometric approximation by Zygmund and into the study of analytic functions by Walsh and Russell [4] ; for p= °° compare Walsh and Elliott [8] . Let the function f(z) be analytic in the interior points of E, continuous on E, and also analytic throughout Dp, where Tp has no multiple points; thus f(z) is analytic in the interior points of E-\-Dp. Letf(z) on Yp be of class H'(k, a, p) for 0<a<l
or Z'(k, p) for a=l.
Then there exist functions f"(z) analytic in the interior points of D+E and continuous on E, satisfying the inequalities (11) and (12) .
Here, as in Theorems 5 and 6, the number t in the inequalities (11) and (12) 
